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Once it is possible to translate any particular proof from one theory to another, then the 
analogy has ceased to be productive for this purpose; it would cease to be at all productive 
if at one point we had a meaningful and natural way of deriving both theories from a single 
one. . . . Gone is the analogy: gone are the two theories, their conflicts and their delicious 
reciprocal reflections, their furtive caresses, their inexplicable quarrels; alas, all is just one 
theory, whose majestic beauty can no longer excite us. 



— from Andre Weil's 1940 letter to Simone 



1 The reluctant analogy 



We survey here the analogy between Kleinian groups and subgroups of the mapping 
class group Mod(5) of an analytically finite hyperbolic surface 5. This typically com- 
pares the action of a Kleinian group on H" with the action of a subgroup of Mod(5) 
on the Teichmuller space T(5) of 5 — itself oft replaced by W. Harvey's complex 6(5) 
of curves of 5. This is often problematic as the Teichmuller metric on T(5) is in dis- 
sonance with all reasonable notions of hyperbolicity — though harmonious with Weil's 
sentiment. The replacement of T(5) by 6(5) is no sure solution as 6(5), though hy- 
perbolic, is a space nightmarish in complexity — even locally. On occasion, the fact 
that the points of T(5) and its boundary are themselves geometric objects allows the 
transfer of intuition from one theory to another. On rare occasions, this additional level 
of complexity allows for theorems in Mod(5) stronger than their echoes in the realm 
of Kleinian groups. 

We make no claim to completeness in the exposition, written as if in conversation 
with a fellow of the study of Kleinian groups (or that of Teichmuller theory) — which, 
as a consequence, strikes most keenly subjects with which we are most familiar; and, as 
if at the blackboard, we proceed in relaxed fashion in hopes of transmitting geometric 
intuition. 



*The first author was supported by a Donald D. Harrington Dissertation Fellowship. 
'Martin H. Krieger's translation 1411 from the French, pages 244-255 of 1771 . 
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2 The dynamical viewpoint 



Inspired by work of H. Masur |49l , J. McCarthy and A. Papadopoulos ll58l have ex- 
amined the dynamic behavior of subgroups of Mod(S) acting on Thurston's space 
PM£(S) of projectivized measured laminations on S. 

Let G be a subgroup of Mod(5'). McCarthy and Papadopoulos say that G is suffi- 
ciently large if it contains two independent pseudo-Anosov mapping classes — meaning 
there are two pseudo-Anosov mapping classes whose associated laminations are pair- 
wise distinct. 

To simplify the ensuing discussion, we assume throughout that G is sufficiently 
large, unless otherwise stated — this is most often unnecessary, although the limit set 
must be suitably interpreted, see [[58] 1351 . 

2.1 The limit set 

There is a unique non-empty closed G-invariant set Aq in PM£(S) on which G acts 
minimally, called the limit set — uniqueness requires the sufficiently large hypothesis. 
The limit set is the closure of the set of stable laminations of pseudo-Anosov mapping 
classes in G. It is perfect and has empty interior provided it is not equal to the entire 
sphere PM£(S) — see ll58l for proofs of these facts. 

Example: Affine groups and Veech groups. 

Let M q be the Teichmiillerdisk associated to a quadratic differential q: a totally geodesic 
hyperbolic plane in T(5) of constant curvature —4. The visual boundary of is canon- 
ically identified with FM,Z(q), the projective space of laminations underlying the space 
of vertical foliations of complex multiples of q. Being identified with the boundary of 
a hyperbolic plane, PM£(g) is naturally a real projective line. 

A class of subgroups of Mod(5') that have received much attention are stabilizers 
of EL. Such a group is realized as the subgroup of Mod(S) which acts by affine home- 
omorphisms with respect to the flat metric induced by q, and is called an affine group 
Aff(^). If it acts with finite covolume on M ? , then Aff(^) is said to be a Veech group. 
For G < Aff(g), we let Ac(q) C PM£(g) denote the limit set of G acting as a Fuchsian 
group onH g UPM^(^). 

Theorem 2.1. For any quadratic differential q, the obvious inclusion 
VML{q)^VML(S) 

is a piecewise projective embedding. In particular, for any G < Aff (q), the restriction 
to A(j(q) parameterizes the limit set in PJVIX(S). 

Proof. We begin by explicitly describing the projective structure on PJVLC(^). 

For simplicity, we suppose that q is the square of an abelian differential (holomor- 
phic 1-form) ft) and write ft) = Re(ft)) + /Im(ft)). If r\ is any (harmonic) 1-form in 
the 2-dimensional span (Re(ft)),Im(ft))), then we let 3^ denote the measured foliation 
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with foliation tangent to ker(77) and transverse measure given by integrating the ab- 
solute value of 77 . The vertical foliations of complex multiples of q are precisely the 
foliations 3^ for 77 <E (Re(<o),Im(<o)). The map 

(Re(ffl),Im(fi))) - {0} -> PMH(q) 

taking 77 to [3^ ], the projective class of 3^, has the property that 77 and 77' lie in the 
same fiber if and only if tj = trj' for some f £ R, / ^ 0. This identifies P3MX(g) with 
P(Re(a)),Im((o)), which describes the natural projective structure on PMXL(^). 

To show that the map from PML(q) to PM£(S) is piecewise projective, it suffices 
to show that 

(Re(o)),Im((B)> -^R s 

given by 77 {/(U^ , y)}yes is piecewise linear. Therefore, we must show 77 1— > /(^ , 7) 
is piecewise linear for any curve 7. Representing 7 by its ^-geodesic representative, 
we see that it is a concatenation 7= 7i% • • • with each 7- a ^-straight segment con- 
necting zeros of q. It follows that 

'•(%7) = I>-y;l 

j=i 

where 77 • 7 is the evaluation of the 1-form 77 on the segment Yj, with respect to either 
orientation. Since 77 — > 77 ■ 7y is linear in 77, it follows that £(3^ , 7) is piecewise linear 
in 77, as required. 

The general case follows by considering the appropriate double branched covers 
carefully. □ 

We note that in general, P3Y1X(g) disagrees with the set of accumulation points 
of the associated Teichmuller disk in Thurston's compactification, even when Aff(q) 
is a Veech group. This is a consequence of Masur's description in l48l of how Te- 
ichmuller's visual compactification of 7(S) by PM£(S) differs from Thurston's com- 
pactification. 

As a particular instance, consider an L-shaped Euclidean polygon P as in figureQ] 
After dividing each of the sides of lengths a and b appropriately into two pieces, there 
is an obvious way to identify parallel sides to obtain a surface E of genus 2. If the glu- 
ing maps are simply restrictions of translations, then £ is naturally a Riemann surface 
and the differential zdz yields an abelian differential CO on E. Squaring CO, we obtain 
a quadratic differential q = CO . C. McMullen and K. Calta independently proved that 
the stabilizer of M q will act with finite covolume precisely when a and b are rational or 
a = x+zVd and b = y + zVd for some x,y,z in Q with x + y = 1 and d a nonnegative 
integer ll6Tll23l . It is easy to see that for most values of a and b, the point in PM,L(q) 
represented by q is a union of simple closed curves with distinct weights. On the other 
hand, the Teichmuller geodesic ray corresponding to q converges in 7(S) U P3Y1X(S) to 
a union of simple closed curves all of whose weights are the same K8l . 
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Figure 1 : An L-shaped table 



Let a and /3 be two simple closed curves that bind S. Let G(a,f5) be the group gener- 
ated by Dehn twists T a and Tp in a and j3. One may build from a U j3 a branched fiat 
metric on S ready-equipped with a quadratic differential q. Moreover, the Teichmiiller 
disk EL is stabilized by the group G(a,j5). We note that in general G(a, /3) is not the 
full stabilizer of W q . If i(a, /3) > 3 (which is true, for instance, when S is closed), then 
A-G(a,P){q) i s a Cantor set in ¥ML(q); see P4l . Section 6.1. By Theorem 12. II we find 
that A G ( a p) is a tame Cantor set. 



Example: the handlebody groups. 

Let H be a 3-dimensional handlebody whose boundary is homeomorphic to S and let 
Mod(H) be the subgroup of Mod(5') consisting of mapping classes of S that extend to 
H. H. Masur initiated the study of limit sets of subgroups of Mod(S) in his study of 
Mod(7/) |j49l . In particular, he proved the following theorem. 

Theorem 2.2 (Masur). The set A Mo d(//) is connected. □ 

Not only is A Mod ( ff ) nowhere dense, but we have the following remarkable theorem of 
H. Masur |49l in genus 2 and S. Kerckhoff f39l in general. 

Theorem 2.3 (Masur, Kerckhoff). The set A Mod ( H j has measure zero. □ 



The Ahlfors Measure Conjecture which is now known fl , 22, 24], asserts that the 
limit set of a Kleinian group has zero or full measure in the Riemann sphere. We have 
the same conjecture for subgroups of Mod(S): 

Measure Conjecture for Mod(S). If G is a finitely generated subgroup of Mod(S), 
then Ag has zero or full measure in PM£(S). 

We will see later that this holds for a large class of groups. 

Another of the outstanding conjectures in the theory of Kleinian groups is that the limit 
set of a freely indecomposable Kleinian group is locally connected. While there has 
been a great deal of progress on this conjecture, it remains open; see l5l |3~1 |29l l63l l40l 
[60] [19] |20j [181 . In the spirit of curiosity, we ask: 
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Question (Local connectivity of A). If G is a one-ended subgroup of Mod(S), is A G 
locally connected? 

The approach often taken to establish local connectivity for Kleinian groups is to pro- 
duce a Cannon-Thurston map from the boundary of the group to the Riemann sphere. 
Unfortunately, this avenue is closed for us. Let S denote the result of puncturing the 
closed surface S once. 

Theorem 2.4. For any once-punctured surface S there are one-ended hyperbolic sub- 
groups G ofMod(S) that do not admit Cannon-Thurston maps, meaning that there is 
no continuous G-equivariant extension of G — > 7{S) to GUdG — > T(S) U P3VLC(5). 
Indeed, for these examples there is no continuous G-equivariant map dG — > PJVIX(S). 

Proof. There is a forgetful map 
Mod(S) -> Mod(S) 

whose kernel is %\ ($), see lfl2l or section|7] Since n\ (S) is normal, its limit set is all of 
PM£(S), and so a Cannon-Thurston map <t> : d%\ (S) — > PJYIX(S) would be surjective. 
An element / in %\ (S) represented by a simple closed curve a in S fixes pointwise some 
PDVLC(F), where Y is a subsurface of S. Let x and y be the fixed points of / in dit\ (S). 
Pick a point X in PJVlX(y) that misses <t>( {.*:,)>}). By equivariance, f"X must converge 
to a point in <&({x,y}) and yet f"X — X, a contradiction. □ 

It is shown in l43l that the closed surface groups G in Mod(S) obtained from the 
Combination Theorem in |42| (see Section l5^2l i also provide examples for which there 
is no Cannon-Thurston map dG — * PM£(S). However, unlike the example given in 
the proof, it is also shown that there is a G-equivariant map dG^ S<C(>S), where 3L(S) 
is the space of geodesic laminations with the Thurston topology. 

2.2 The domain of discontinuity 

When accustomed to working with Kleinian groups, one is tempted to consider the 
action of G on the complement of the limit set PJV1X (S) — Ac in hopes of finding a 
domain of discontinuity. As Masur observed for the handlebody group ||49l , G need 
not act properly discontinuously on PM£(S) — Ac- For example, consider the groups 
G(a,j5) constructed above. The Dehn twist T a fixes, in particular, every point in 
PMil(5' — a) and since Ag is a Cantor set, T a is an infinite order element fixing a 
point in PM£(5)-A G . 

The natural remedy is to enlarge Ac- Define the zero locus ZAg of Ag by 

ZA G = {ju e FMZ(S)\i{n,X) =0 for some X e A G }. 

This was Masur's solution in [49). McCarthy and Papadopoulos prove that for any 
G, A G — PM£(S) — ZA G is a domain of discontinuity for G, meaning that G acts 
properly discontinuously on A G ||58ll . 
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Example: the G(a,ft) again. 

We return to the examples G = G(a,P) to discuss ZAq. Given a simple closed curve 
7 in Aq, not only is the entirety of PM£(S — 7) contained in ZAq, the entire cone 

{[jit] I /x = ty+v where t g [0,°o) and v e M£(S — y)} 

lives there, too. 

In general, given a lamination A in the limit set, we will see the join of the simplex 
of measures on A and the projective space of measured laminations on its complement. 
For the groups G(a, j3), we will only see cones, as every limit point of G is uniquely 
ergodic; see below. We say that a lamination is uniquely ergodic if it admits only one 
transverse measure up to scale, and do not require that it be filling. 

For simplicity, let us now assume that S is a five-times punctured sphere. In this 
case PMIL(S) is the three-sphere, and we can imagine a caricature of ZAq- The limit 
set Aq is a Cantor set, which we imagine lying on a great circle in the three-sphere — 
for reference, we imagine the sphere equipped with its metric of constant curvature 1 . 
The rational points X of this Cantor set correspond to simple closed curves on S, and at 
each of them we see a disk (the cone mentioned above). The set of irrational points y 
consists entirely of filling uniquely ergodic laminations. To see this, note that any limit 
point of G is the end of a ray in the convex hull in M q of Aq. Such a ray either exits 
a cusp when pushed to M q / G, or returns infinitely often to a fixed compact set. In the 
first case, the limit point is a conjugate of a or j3 . In the latter case, the lamination is 
filling and uniquely ergodic by Masur's criterion l50l — compare with the proof of the 
Veech dichotomy BP . Chapter 5. 

As a sequence x„ in X converges to a point y in y, the disks over the x n shrink and 
converge to y. To see this, note that each x n has zero intersection number with every 
lamination in its cone, and so any lamination in the latter must converge to a lamination 
having zero intersection with, and therefore equaling, y. 

Example: lifting Mod(S) to covers. 

It is beneficial to pause and contemplate the following example. Let /: S — > S be a 
finite covering map, and let Mod(/: S — > S) be the subgroup of Mod(5) consisting of 
lifts of mapping classes on S. This is virtually isomorphic to Mod(5'). The limit set 
in this case is obtained as the image /* : PJVtX(S) — > PM£(S), since this is a closed 
invariant set containing the fixed points of pseudo-Anosov mapping class as a dense 
set. The zero locus is thus a thorny array of joins of spheres and simplices of measures, 
all of varying sizes and shapes in kaleidoscopic arrangement. 

While a group G always acts properly discontinuously on Aq, it is not obvious that 
Ac should be the largest open set for which this is true. When ZAq = Aq, then it is 
immediate that Aq is a maximal domain of discontinuity. However, even when ZAq 
properly contains Aq it can be the case that Aq is maximal. For example, this is true 
when G is a Veech group — every point of ZAq — Aq is fixed by some infinite order 
element of G. 
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Question (Maximality of A). Given a group G < Mod(S) is Aq the maximal domain 
of discontinuity for G? 

The action of G on the preimage of Aq in JV1X is also properly discontinuous by 
general principles. It is worth pointing out that C. Lecuire has shown that for the 
handlebody group Mod(H) the preimage of A Mot j(//j is not a maximal domain of dis- 
continuity. 

Subgroups of Mod(5') deviate from their cousins in Isom(H") in at least one de- 
sirable way: the action on the domain of discontinuity puts strong constraints on their 
geometry. For instance, a Kleinian group may act cocompactly on its domain of dis- 
continuity and yet still contain parabolic elements, while subgroups of the mapping 
class group may do no such thing: 

Theorem 2.5 ( 1351 ). If G < Mod(S) has a non-empty domain of discontinuity Aq on 
which G acts cocompactly, then G is virtually purely pseudo-Anosov. 

We will discuss the proof in the following section. 

3 The view from Teichmuller space 
3.1 The behavior of Teichmuller geodesies 

The e-thick part of Teichmuller space is the set of hyperbolic structures on S whose 
injectivity radius is greater than e. The e-thin part is the complement of the e-thick 
part. A subset of 7(S) is e-cobounded if it lies in the e-thick part, and cobounded if 
it lies in some e-thick part. 

A study of Teichmuller geodesies is prerequisite to geometric study of groups act- 
ing on the Teichmuller space. Especially important is an understanding of the interac- 
tion of geodesies with the thick and thin parts of T(5). K. Raffs bounded geometry 
theorem for Teichmuller geodesies, in the spirit of Minsky's Bounded Geometry Theo- 
rem for geometrically infinite hyperbolic 3-manifolds, ferries such understanding. To 
describe this theorem, we will need a host of definitions, which occupy the two sections 
to follow. 

The behavior of Teichmuller geodesies is often best understood via the associated 
laminations, which we now describe. A pair of binding laminations A_,A+ in PM£(S) 
is uniquely associated to a Teichmuller geodesic t(A-,A+). Conversely, every Te- 
ichmiiller geodesic uniquely determines a pair of laminations A_ , A+, its negative and 
positive directions, respectively. These are the laminations underlying the horizontal 
and vertical foliations of any quadratic differential defining the geodesic; see |34l . 

3.1.1 Complexes of curves and arcs 

Let Y be a compact surface. Harvey's complex of curves C(T) of Y is the simplicial 
complex whose fc-cells are collections of isotopy classes of k + 1 disjoint pairwise non- 
isotopic essential simple closed curves — when the Euler characteristic of Y is close to 
zero, other definitions are often required, but we ignore this here for simplicity. 
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It is convenient to have a complex of arcs A(Y). We define A(Y) to be the simpli- 
cial complex whose k cells are collections of isotopy classes of k + 1 disjoint pairwise 
non-isotopic essential simple closed curves and arcs — where isotopy classes of arcs are 
defined relative to dY. 

If Y is an annulus, we need a better definition, and we define A(Y) to be the graph 
whose vertices are isotopy classes of essential arcs in Y relative to their endpoints in 
dY and that two vertices are joined by an edge if they may be realized disjointly. 

For any F, we metrize 6(F) and A(Y) by demanding that any simplex is a regular 
Euclidean simplex with all side lengths equal to one and taking the induced path metric. 

Although the complex A(Y) is uncountable when F is an annulus, it is nonetheless 
quasiisometric to Z l53l . 

3.1.2 Ivanov-Masur-Minsky subsurface projections 

A subsurface Y of S is said to be a proper domain if it is not equal to S and the induced 
map on fundamental groups is injective. 

Fix a hyperbolic metric on S and realize every element of FM.L(S) as a geodesic 
lamination there. Given a proper domain F in S with geodesic boundary and a geodesic 
lamination A, intersecting A with Y yields a simplex in A(Y) — when Y is an annulus, 
a different procedure is required. This simplex is the projection of A to F, denoted 
% (A) — note that 7Zy(A) is allowed to be empty. 

Given two geodesic laminations ji and A, the projection coefficient for ji and A 
at Y is defined to be 

dy (jit , A ) = diam A {Y } ( n Y (fi ) U n Y ( A ) ) 

provided that K Y (jx) ^ and 7Ty(A) ^ 0. If either of 7t Y (fl) or n Y (X) is empty, we 
define dy (ju, A) = °°. 

We henceforth write diamy ( • ) to denote diam^ / Y \ (■). 

3.1.3 Bounded geometry theorems 

Minsky's Bounded Geometry Theorem [!67] says that a geometrically infinite hyper- 
bolic 3-manifold homeomorphic to S x R has its injectivity radius bounded below if 
and only if the subsurface projection coefficients of its ending laminations are all uni- 
formly bounded above. 

K. Rafi has characterized the short curves in hyperbolic structures on a Teichmiiller 
geodesic in terms of intersection data for the subsurface projections of its defining 
laminations — see ll75l for the precise statement. With the global connection between 
intersection numbers and subsurface projection coefficients described in ll53l . this yields 
the following bounded geometry theorem for Teichmiiller geodesies, which is implicit 
in the the proof of Theorem 1 .5 of ll75l . 

Theorem 3.1 (Rafi's Bounded Geometry Theorem). For every D>0, there exists e > 
such that if X = t(A_,A + ) is a Teichmiiller geodesic with negative and positive direc- 
tions A_ and A+ in PM£(5) satisfying 

dy(A_,A+) <D 
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for every proper domain Y (not a pair of pants) in S, then T is e-cobounded. 

Conversely, for every £ > there exists D > such that if X is an £-cobounded 
Teichmtiller geodesic with negative and positive directions A_ and X + , then 

dy{X-,X+) <D 

for every proper domain Y which is not a pair of pants. □ 

Another useful theorem is Masur and Minsky's Bounded Geodesic Image Theorem 
ED: 

Theorem 3.2 (Masur and Minsky's Bounded Geodesic Image Theorem). There exists 
a constant M = M(S) with the following property. Let Y be a proper domain ofS which 
is not a pair of pants and let J be a geodesic segment, ray, or biinfinite line in C(S), 
such that 7Zy(v) ^ for every vertex v of y. Then 

diarn^y) < M. 

□ 

3.2 The hull 

A convenient notion in the theory of Kleinian groups is that of a convex hull. This is 
the convex hull in H" of a Kleinian group's limit set. This is always defined, and a 
Kleinian group is said to be geometrically finite if it acts with finite covolume on (the 
1 -neighborhood of) its convex hull, convex cocompact if it acts cocompactly there. 
The situation is not so simple in Mod(5'). We begin with the notion of a hull. 

Let 21 be a closed subset of PM£(5'). If 21 has the property that for every X € 21, 
there exists a /x g 21 such that X and pi bind S, then we define the weak hull fjg of 21 
to be the union of all geodesies in T(5) whose directions lie in 21. If 21 does not have 
this property then we say that the weak hull is not defined. A set f) is a weak hull if it 
is fia for some closed 21 C PMiL(5') with the aforementioned property. 

Remark. The notion of a weak hull for G in Mod(5') is due to Farb and Mosher ||27l . 
although we warn the reader that our definition is less restrictive. E. Swenson uses a 
similar device in his study of groups of isometries of Gromov hyperbolic metric spaces 

ED- 

Since we are assuming G sufficiently large, Aq has a weak hull S^q: Aq contains 
the stable lamination fi of a pseudo-Anosov mapping class, which will bind with any 
other lamination in Aq. 

A leitmotif of Teichmtiller theory is the thick part feigns thinness (hyperbolicity). 
An instance: 

Theorem 3.3 ( 11351 ). A triangle in Teichmtiller space with cobounded sides is thin. □ 

The proof analyzes triangles directly, applications of Minsky's Quasiprojection Theo- 
rem ll65ll and Masur's Asymptotic Rays Theorem |46l providing thinness. M. Duchin 
has discovered a different proof |25l . The following theorem is an easy application of 
Theorem l3.3l 



9 



Theorem 3.4 (|35|). Let fi = !r)<& be a cobounded weak hull. Then Sj is quasiconvex 
and there is a metric neighborhood of fi which is a 8-hyperbolic metric space — when 
equipped with its induced path metric. □ 



Theorem 3.5 ( 1351 ). If G < Mod(S) has a non-empty domain of discontinuity Aq on 
which G acts cocompactly, then $)q is cobounded and so every lamination in Aq is 
filling and uniquely ergodic. 

Sketch. The proof begins with a demonstration that every lamination in Aq is filling, 
and culminates with a generalization of Minsky's proof when G is cyclic 166*1 . 
Define 

ZZA G = {//. G FML(S) | z(ju, A) = for some A G ZA G }. 

One first shows that ZZAq = ZAq. For this, we find a simple closed curve a G 
ZZAq — ZAq (assuming this to be nonempty) having zero intersection number with 
some jj. in ZAq. The 1-simplex of measures defined by {ty = ta+ (1 — t)jl 1 1 G [0, 1]} 
meets Aq in the set {ty \t G (0, 1]}. Moreover, this noncompact segment is properly 
embedded in Aq, hence closed. A compact fundamental domain for Aq would require 
infinitely many translates to cover this set, and the particular construction of a funda- 
mental domain we use (see |58|) shows that this is impossible. 

One then proves that every lamination in Aq is filling as follows. If there were a 
non-filling lamination in Aq there would be a simple closed curve a in ZAq. Now, 
since ZAq = ZZAq, any closed curve disjoint from a is in ZAq = ZZAq, and we con- 
clude that every simple closed curve lies in ZAq, as the complex of curves is connected. 
As these are dense in PM£(S), we conclude that ZAq = ¥ML(S), contradicting the 
fact that Ac is non-empty. 

Given a compact set 3C in Aq, k in %, and A in Aq, the intersection A n (S — k) is a 
collection of arcs, as every lamination in Aq is filling. The hyperbolic length of the arcs 
of A n (S — k) may be bounded over all A in Aq and K in %, as Aq and % are compact. 
If % is a fundamental domain for the action of G on Aq, equivariance provides a bound 
on the hyperbolic length of A n (S — k) for all A in Aq and K in Aq . In particular, for any 
subsurface Y (realized as the interior of a surface with geodesic boundary) and any A G 
Aq there is a uniform bound on the length of any segment of Y D A . The Collar Lemma 
then provides a bound on all of the Masur-Minsky subsurface projection coefficients 
dF(A_,A+), where A_ and A + are in Ac — when Y is an annulus, an alternate argument 
is required. With Raffs bounded geometry theorem, this allows us to conclude that 
geodesies whose directions lie in Aq are uniformly cobounded, and hence filling and 
uniquely ergodic by Masur's criterion l50l . □ 

Theorem l2.5l follows quickly from this theorem. 

Proof of Theorem \2.5\ Since Mod(S) possesses a torsion free subgroup of finite index, 
so does G, and so, to complete the proof, it suffices to show that G contains no reducible 
element. But iterating such an element on Aq would produce a non-filling lamination 
in Ac, which is excluded by the conclusion of Theorem l3.5l □ 
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3.3 The Measure Conjecture 



Here we verify the measure conjecture for a certain class of subgroups of Mod(S). 
Indeed, this is a corollary of the work of Masur |47l , as we now explain. 

We say that a projective measured lamination X is e-cobounded if every Teichmiiller 
geodesic ray with direction A eventually lies entirely in the e-thick part of Teichmiiller 
space. 

Theorem 3.6 (Masur). The set A £ of e-cobounded laminations has measure zero in 
EMX(S). 

Proof. Since Mod(S) acts by pulling back hyperbolic structures, A £ is Mod(5')-invari- 
ant. Since the action of Mod(5') on PJVtX(S) is ergodic BTl . A £ has zero or full mea- 
sure. 

The unit cotangent bundle of Teichmiiller space is the bundle of unit norm quadratic 
differentials Q 1 , and there is a map from II: Q 1 — > FML(S), obtained by sending 
a quadratic differential to the projective class of its vertical foliation (and passing to 
the underlying lamination). Moreover, in (47], Masur constructs a Mod(S)-invariant 
measure m on Q 1 with the following properties: m takes positive values on open sets; 
for any subset E of PM£(S), the measure m(J\~~ l (E)) is zero if and only if E has 
Lebesgue measure zero; the m-measure of Q'/Mod(S) is finite; and the geodesic flow 
(pt on Q'/Mod(S) preserves m. 

Suppose that A £ has full measure in PM£(S). Pulling A £ back to Q 1 , we discover 
that in almost every direction, the geodesic flow eventually carries us over the 2e— 
thick part for all time — meaning that, for almost every q in Q 1 /Mod(S), we have <p r (q) 
projecting to the 2e-thick part of M(S) for all t above some threshold depending on q. 
This violates Poincare Recurrence. To see this, note that the projection Q'/Mod(S) — > 
M(S) is continuous, so that the inverse image Q^ 2 of the e/2-thin part is open and 
hence has positive m-measure. By the Poincare Recurrence Theorem, for almost every 
q in Q^ 2 /Mod(S), <p t {q) must return to Q^ 2 /Mod(S) for arbitrarily large values of t. 
But the 2e-thick part and the e /2-thin part do not intersect. □ 

Corollary 3.7 (Measure Conjecture when Aq/G is compact). If G < Mod(S) has a 
non-empty domain of discontinuity Aq on which G acts cocompactly, then Aq has 
measure zero. 

Proof. By Theorem |3.5l the limit set Aq is contained in A £ for some positive e. □ 

4 Convex cocompactness 

A Kleinian group is convex cocompact if it acts cocompactly on the convex hull in 
H 3 of its limit set. B. Farb and L. Mosher have extended this notion to subgroups of 
Mod(S) l27l . A finitely generated subgroup of Mod(S) is said to be convex cocompact 
if it satisfies one of the conditions in the following theorem. 

Theorem 4.1 (Farb-Mosher l27l ). Given a finitely generated subgroup G o/Mod(5), 
the following statements are equivalent: 
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• Some orbit of G is quasiconvex in 1(S). 

• Every orbit ofG is quasiconvex in 7(S). 

• (Convex cocompact) G is hyperbolic and there is a G-equivariant embedding 
df : dG — > PJVIX(S) with image Aq such that the weak hull of Aq is defined; 
the action of G on ¥)q is cocompact; and, if f '■ G — > ioc is an y G-equivariant 
map, then f is a quasiisometry and the following map is continuous: 

J = fUdf: GUdG^7(S)UFMZ(S). □ 
4.1 Characterization 

As the Teichmuller space fails to be hyperbolic in any reasonable sense of the word 
i45ll56ll2"Tl . and in fact exhibits behavior characteristic of positive curvature ll64l . it is 
perhaps somewhat surprising that many of the characterizations of convex cocompact 
Kleinian groups have analogs in Mod(5'). 

4.1.1 From Teichmuller space 

Farb and Mosher's definition of convex cocompactness may be streamlined to more 
closely resemble the definition for Kleinian groups: 

Theorem 4.2 ( 1351 ). A finitely generated subgroup G o/Mod(S) is convex cocompact 
if and only if the weak hull Sjq is defined and G acts cocompactly on 

Proof. One direction is transparent from Theorem |4.1| 

If G acts cocompactly on f)Q, then the orbit of any point in f)Q is A-dense in f)Q 
for some A. Moreover, S)q is cobounded. By Theorem 13.41 S)q is quasiconvex, and 
hence so is the orbit of any point in $)q. □ 

4.1.2 FromPMi:(5) 

A group action on a compactum X is a discrete convergence action if the group acts 
properly discontinuously on the space of distinct triples {(a,b,c) & X 3 \ a^b^c^=a} 
and uniform if the action is cocompact. We call a group elementary if it is virtually 
abelian. 

B. Bowditch has characterized hyperbolic groups topologically fl5l : 

Theorem 4.3 (Bowditch). A nonelementary group acts as a discrete uniform conver- 
gence group on a perfect metrizable compactum X if and only if the group is hyperbolic. 
Moreover, X is its Gromov boundary. □ 

A Kleinian group is convex cocompact if and only if it acts as a discrete uniform 
convergence group on its limit set. This fails in Mod(5'): 

Theorem 4.4 ( H36I ). There are nonabelian free groups in Mod(S) whose limit sets 
parameterize their Gromov boundaries ( and so act as discrete uniform convergence 
groups there) and yet fail to be convex cocompact. 
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The examples. Let / be pseudo-Anosov and h reducible and pseudo-Anosov on the 
complement of a nonseparating curve. After replacing / and h by appropriate powers 
of conjugates, one constructs an orbit map to 6(5) for which almost every geodesic 
ray in (f,h), namely those that do not end in an infinite sequence of /i-edges, is sent 
to a (non-uniform) quasigeodesic ray in 6(5) — this construction uses the Bounded 
Geodesic Image Theorem. 

This associates an unmeasured lamination to almost every point of the Gromov 
boundary d(f,h). This is promoted to an equivariant map d(f,h) — ► PM£(5) by ap- 
pealing to work of Masur 1501 and Rafi 11751 to lift the map already defined, and then 
by an explicit extension to the remaining set of measure zero. Continuity follows from 
various intersection number arguments. 

Note that these examples are not convex cocompact since such groups are always 
purely pseudo-Anosov; see Proposition 3. 1 of J27). □ 

As is often the case in Mod(5), the correct replacement for the limit set is its zero 
locus: 

Theorem 4.5 ( II36I ). A nonelementary finitely generated subgroup G of Mod(5) is 
convex cocompact if and only if G acts as a discrete uniform convergence group on 
ZAq. 

Sketch. One first shows that every lamination in Aq is filling and uniquely ergodic. 
Suppose to the contrary that this is not the case. Then there is a positive dimensional 
simplex a in ZAq and one shows that for any sequence g n in G, one may pass to 
a subsequence so that the restriction of g n to a nontrivial projective linear arc in the 
interior of a converges uniformly to a (possibly degenerate) arc in ZAq. We note 
that the requirement that the arc lie in the interior of a is necessary to find such a 
subsequence. Since the action on ZAq is a discrete uniform convergence action, for any 
x in ZAq, there is a sequence g n so that g n (x) converges to a point a and g„ restricted to 
ZAq — {x} converges uniformly on compact sets to a constant function equal to h ^ a. 
If x and y are endpoints of an arc in a as above, then the limiting arc is non-degenerate, 
which contradicts uniform convergence to b on ZAq — {x}. 

A uniquely ergodic filling laminations ji has the property that if i(v,jJ.) = then 
v = jj.. So as all laminations in Aq are uniquely ergodic and filling, we note that 

Aq = ZAq. 

Because any two distinct uniquely ergodic filling laminations bind 5 and hence 
define a Teichmuller geodesic, one can construct a continuous equivariant map from 
the space of distinct triples in ZAq to T(5) by sending (A, ju, v) to the balance point of 

V on the geodesic t(A,ju) — this is the unique point where the intersection number of 

V with the vertical foliation is equal to that of the horizontal foliation. Cocompactness 
allows one to prove that every point in Aq is a conical limit point in the sense described 
below, and Theorem 4.6 implies G is convex cocompact. □ 

4.1.3 Putting the two together 

A convenient notion from the theory of Kleinian groups is that of a conical limit point, 
which characterizes points in the limit set by the manner in which they are approached 
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in hyperbolic space. In our setting: a limit point A in Aq is said to be conical if 
every geodesic ray in T(S) with direction A has a metric neighborhood containing 
infinitely many points in a G-orbit — we stress to the reader that the definition of conical 
is adapted from the geometric definition in Kleinian groups (6|, rather than from the 
theory of convergence groups |fl5l . 

Theorem 4.6 ([35]). A finitely generated subgroup G o/Mod(5) is convex cocompact 
if and only if every limit point of G is conical. □ 

That all limit points of a convex cocompact group are conical follows easily from 
the fact that every limit point is the endpoint of a geodesic in Sic and that G acts 
cocompactly on Sjc by Theorem l4. 1 1 

Generalizing work of McCarthy and Papadopoulos, a fundamental domain for the 
action of G on T(5) U Ac is constructed in 11351 via F. Bonahon's theory of geodesic 
currents. Having only conical limit points implies that this domain is compact by an 
extremal length argument and so G acts cocompactly on 7(S) U Aq. Just as in the 
hyperbolic setting, this is equivalent to convex cocompactness: 

Theorem 4.7 ( 1351 ). A finitely generated subgroup G o/Mod(5) is convex cocompact 
if and only if G acts cocompactly on T(5) U Aq. 

Sketch. We sketch the proof that if (T(S) U Aq)/G is compact, then G is convex co- 
compact. We first observe that the domain Aq is non-empty, as no subgroup of Mod(5') 
acts cocompactly on 1(S). Furthermore, since Aq/G C UAq)/G is closed, it is 
compact, so by theorem |3~31 ¥)q is cobounded. Since (T(5) U Aq)/G is compact, and 
$)g/G is closed therein (this requires some work), Sjg/G is also compact. Therefore, 
G is convex cocompact by Theorem l4.2l □ 

With Corollary 13. 71 this implies that convex cocompact groups satisfy the Measure 
Conjecture. 

Corollary 4.8. If G is convex cocompact, then Aq has measure zero. □ 
4.1.4 From the complex of curves 

A celebrated theorem of Masur and Minsky 1521 says that 6 (S) is a 5-hyperbolic metric 
space. Although C(S) fails to be locally compact, its hyperbolicity often makes it a de- 
sirable substitute for the Teichmuller space. For instance, a quasiisometric embedding 
G — ► 7(S) is insufficient to guarantee convex cocompactness: a partial pseudo-Anosov 
mapping class generates a cyclic group quasiisometrically embedded in T(5) 11541 that 
fails to be convex cocompact — the orbit is an unstable quasigeodesic; In the complex 
of curves, quasiisometric embeddings suffice, as proven independently by the authors 
and U. Hamenstadt: 

Theorem 4.9 (Hamenstadt 11321 . Kent-Leininger ll35ll ). A finitely generated subgroup 
G ofMod(S) is convex cocompact if and only if sending G to an orbit in the complex 
of curves defines a quasiisometric embedding <t>: G — > 6(5). 

We sketch the proof from l35l . 
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Sketch. We first assume that <t>: G — > 6(5) is a quasiisometric embedding. It follows 
that G is Gromov hyperbolic. Given distinct points m_ , m + in the Gromov boundary 
dG, there is a geodesic in G joining them. This geodesic is carried to a quasigeodesic 
in 6(5), which is uniformly close to a geodesic yjoining <t»(m_ ) and <P(m + ). 

The proof begins by uniformly bounding the Masur-Minsky subsurface projection 
coefficients dy(<I>(m_), < J>(m + )). To do so it suffices to bound the diameter diamy(y) 
of the projection of 7 to an arbitrary subsurface Y. 

If Y is a proper domain whose boundary is far from 7, Masur and Minsky 's Bounded 
Geodesic Image Theorem |53l (Theorem 13 . 21 here) provides a bound on diamy(y). If 
dY is close to 7, it is close to 0(G). In fact, by translating, we may assume that 7 
and dY are both uniformly close to < t , (l). Since the two ends of 7 diverge, 7 may be 
decomposed into three parts: a finite segment 73 near dY and two infinite rays 7_ and 
7+ far from dY. The Bounded Geodesic Image Theorem again bounds diamj^Tt). 
The segment 70 fellow travels the image of a geodesic segment in G lying in a fixed 
neighborhood of 1. Finiteness of this neighborhood allows us to bound diamy (70). The 
triangle inequality provides the bound on diamy (7). 

Rafi's bounded geometry theorem now shows that the weak hull f)G is cobounded. 
By Theorem 13. 41 f)Q is essentially a hyperbolic metric space, and lifting our G-orbit 
from 6(5) to we have a quasiisometric embedding G — > fie- By the stability of 
quasigeodesics in hyperbolic metric spaces, we see that G is quasiconvex in S^q, and 
hence in T(5), since fjQ is quasiconvex in T(5) (by Theorem l3.4l ) 

Now suppose that G is convex cocompact, so that the weak hull $}q lies in a thick 
part of Teichmiiller space. A generalization ll35l of Minsky 's work on quasiprojections 
to Teichmiiller geodesies 1651 provides a closest points projection T(5) — > $)g, and 
demonstrates that the region of T(5) where a simple closed curve is short is sent to a 
uniformly bounded diameter set in This projection may be extended to a Lipschitz 
projection from the electric Teichmiiller space (quasiisometric to 6(5)) to an electrified 
hull (quasiisometric to fjQ as we only electrify uniformly bounded diameter sets). We 
thus obtain a quasiisometric embedding G — > 6(5). □ 

Corollary 4.10. If S is closed, G is a convex cocompact subgroup o/Mod(5), and G 
lifts to Mod(5), then its lift is convex cocompact in Mod(5). 

Proof. Since 5 is closed, the forgetful map 5^5 induces a map 6(5) — > 6(5), which 
is clearly 1-Lipschitz. Lifting G-orbits from 6(5) to 6(5), we see that any G-orbit in 
6(5) is a quasiisometric embedding. □ 



The handlebody group again 

Work of Masur and Minsky llSD gives us some geometric information about the map- 
ping class group Mod(H) of a handlebody H. Letting D denote the set of essential 
simple closed curves in 5 = dH that bound disks in H, they prove the following theo- 
rem. 

Theorem 4.11 (Masur-Minsky J55]). The set D is quasiconvex in the complex of 
curves 6(5). □ 
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Although Mod(H) admits no quasiisometric embedding into 6(5), we do have the 
following corollary. 

Corollary 4.12. The handlebody group has a quasiconvex orbit in G(S). □ 

Appealing to the work of Masur and Minsky I5"3l . the second author in B31 has 
obtained similar quasiconvexity results for the groups from Theorem l5.2l 

4.2 Geometrical finiteness? 

It is natural to wonder if there is a reasonable notion of geometrical finiteness in 
Mod(S). One's intuition suggests that any definition should encompass both finitely 
generated affine groups (see section IXTT i and the combinations of affine groups con- 
structed by the second author and Reid |42l (see section [3T2] following). We refer the 
reader to Mosher's article 0711 for further discussion and l43l for related results. 



5 Kleinian constructions 

5.1 The Tits alternative and the Schottky argument 

McCarthy has proven that Mod(5') satisfies the Tits Alternative [57], and the proof fol- 
lows the classical Schottky argument on hyperbolic space, showing that two elements 
have powers that commute or else have powers that generate a free group. Just as in 
the Kleinian group setting, this free group may be taken to be convex cocompact: 

Theorem 5.1 (Mosher |69l , Farb-Mosher J27)). Given two independent pseudo-Anosov 
mapping classes <p, there is a number £ such that for all natural numbers m > I, the 
group generated by <p m , \j/ m is free and convex cocompact. 

A free convex cocompact subgroup of Mod(5') is called Schottky. We discuss two 
proofs: 

Sketch of proof from KFTj . The proof of McCarthy's Tits Alternative implies that for 
sufficiently large m, the group ((p m ,\j/ m ) is free. Mosher proved directly in l69l that 
there is an I such that for all m > I, the canonical %\ (S)-extension of ((p m , l//" 1 ) (see 
section |7]i is hyperbolic, using the Bestvina-Feighn Combination Theorem. Theorem 
l7.1l below proves the theorem. □ 

Sketch of proof from 05]/. Given two isometries of a Gromov hyperbolic space acting 
hyperbolically with pairwise distinct fixed points in the Gromov boundary, one may 
always raise them to powers so that the resulting group is free and quasiisometrically 
embedded by its orbits. Since C(S) is hyperbolic, an application of Theorem l4.9l proves 
the theorem. □ 
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5.2 Combination theorems 

The second author and Reid have proven an analog of the first Klein-Maskit combina- 
tion theorem for affine subgroups of Mod(5'): 

Theorem 5.2 (Leininger-Reid H2I ). Given two affine groups H and K with a common 
maximal parabolic subgroup A centralized by a sufficiently complicated mapping class 
f, the group generated by H and f~^Kf is isomorphic to the amalgamated product 
H *a K. Moreover, any infinite order element of this group is either pseudo-Anosov or 
conjugate to a parabolic element in one of the factors. □ 

When S is closed, the existence of Veech groups with a single cusp provides the 
following corollary. 

Theorem 5.3 (Leininger-Reid PSl ). IfS is closed, then Mod(5') contains subgroups 
isomorphic to the fundamental group of a closed surface for which all but one conju- 
gacy class of elements ( up to powers) is pseudo-Anosov. □ 

In 1431 . the second author proves a more general combination theorem for certain 
graphs of Veech groups and pursues a geometric investigation of their subgroups. One 
corollary is the following theorem. 

Theorem 5.4 (Leininger 14311 ). Finitely generated virtually purely pseudo-Anosov sub- 
groups of the Leininger-Reid combinations of Veech groups are convex cocompact. □ 

A theorem of H. Min provides another geometric combination theorem: 

Theorem 5.5 (H. Min J62]). Given two finite subgroups H and K of Mod(S), one 
may conjugate one of the two to obtain a convex cocompact subgroup isomorphic to 
H*K. □ 

All the examples of virtually purely pseudo-Anosov subgroups produced by Theo- 
rems [5T4] and |53] are virtually free. This is the case for all known examples. 



6 Global theorems 

6.1 Abelian subgroups and geometric rank 

The geometric rank of a metric space is the maximal rank of a quasiisometrically 
embedded Euclidean space. The geometric rank of a Kleinian group is the maximal 
rank of its free abelian subgroups. J. Behrstock and Minsky |8|, and, independently 
Hamenstadt [33], have proven the Mod(5)-analog, answering a question of J. Brock 
andFarb 1211 : 

Theorem 6.1 (Behrstock-Minsky j8), Hamenstadt 11331 ). The geometric rank ofMod(S) 
is the maximal rank of its free abelian subgroups. □ 

Both proofs appeal to a study of the asymptotic cone of Mod(S). 
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6.2 Relative hyperbolicity 



A Kleinian group is strongly relatively hyperbolic, in the sense of Farb l26l . with re- 
spect to its maximally parabolic subgroups. Although we often compare Mod(S) with a 
finite covolume Kleinian group, the former does not enjoy the strong relative hyperbol- 
icity of the latter, as established independently by J. Anderson, J. Aramayona, and K. 
Shackleton g); Behrstock, C. Drutu, and Mosher Q; Bowditch [16]; and A. Karlsson 
and G. Noskov ||38l: 

Theorem 6.2 (1141171 [T6l 1381 ). The mapping class group Mod(S) is not strongly rela- 
tively hyperbolic with respect to any collection of subgroups. □ 

Remark. Although Masur and Minsky j52l have proven that the Teichmuller space is 
hyperbolic relative to its thin parts, and so Mod(5') is hyperbolic relative to its maxi- 
mal abelian subgroups, the "electrified" regions fail to satisfy the bounded penetration 
hypothesis required by strong relative hyperbolicity. 



7 Extensions 

We assume from here on that S is closed. 
There is a universal extension 

1 -► 71] (5) -> Mod(S) -> Mod(S) -► 1 (1) 

corresponding to the universal curve over the moduli space 

S^M(S)^M(S) (2) 

that places above a generic point the Riemann surface it represents (unless S has genus 
two, where the generic fiber is the quotient surface by its hyperelliptic involution). 
Whether or not these extensions are hyperbolic depends on convex cocompactness of 
the quotient: 

Theorem 7.1 (Farb-Mosher ll27l ). When F is finitely generated and free, Fp is hyper- 
bolic if and only ifF is Schottky. 

Sketch. Suppose that F is free. Then the extension is split, and Fp is a graph of sur- 
face groups. There is an obvious K(Fp, 1) homeomorphic to a surface bundle over a 
finite graph, which we equip with some metric. The Bestvina-Feighn Combination 
Theorem ifTTl says, roughly speaking, that Fp is hyperbolic if Ff has uniform flaring, 
which means that if we push an element of the fundamental group of the fiber around 
a biinfinite path in the base, its length, in one direction or the other, eventually grows 
exponentially, or "flares." 

If F is Schottky, then its hull is cobounded, and given a path in Sjp, this implies that 
the canonical bundle over this path possesses the flaring condition in manner depending 
only on the coboundedness constant. Now, the universal covers of the canonical bundle 
over Sjg and the K(Fp , 1 ) are quasiisometric, and the Combination Theorem completes 
the proof. 
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The other direction is established via S. Gersten's converse 1(30 1 to the Combination 
Theorem and the Quasigeodesic Stability Theorem of L. Mosher 1701 and B. Bowditch 
lfT4l . which characterizes quasigeodesics close to cobounded geodesies via flaring. □ 

It is a theorem of Mosher that if Fq is Gromov hyperbolic, then so is G l68l . and, 
after proving a higher dimensional version of Gersten's converse to the Combination 
Theorem, Farb and Mosher prove that G is in fact convex cocompact 1271 : 

Theorem 7.2 (Farb-Mosher). If the extension Fq is hyperbolic, then G is convex co- 
compact. □ 

The Bestvina-Feighn Combination Theorem gives sufficient conditions by which 
a graph of hyperbolic groups is itself hyperbolic. A higher dimensional version of 
this theorem (for complexes of groups) is unfortunately not available. Nonetheless, 
Hamenstadt has proven the following. 

Theorem 7.3 (Hamenstadt [32]). IfG is a finitely generated subgroup ofMoA(S), the 
extension Fq is hyperbolic if and only if G is convex cocompact. □ 

Sketch. The key ingredient is a result in the spirit of the Bestvina-Feighn Combination 
Theorem for certain types of metric fiber bundles over arbitrary hyperbolic spaces, 
where the fibers are trees. Namely, a uniform flaring criterion for vertical distances 
implies hyperbolicity. 

Given this, let S denote the universal cover of S. One considers an S-bundle Y over 
the Cayley graph <£(G) of G, on which Fq acts cocompactly. The Gromov boundary of 
each fiber is a circle, and via the action by K\ (S) < Fq on Y, one obtains a canonical 
homeomorphism between the circle of any given fiber, and the circle for a particular 
one. Now, given a pair of points x,y G Si, from these homeomorphisms we obtain a 
pair of points in each circle over a point in <£(G). The geodesies in each fiber con- 
necting the pairs of points forms a line sub-bundle of Y over <£(G). As in the proof 
of Theorem 17. II using convex cocompactness, one verifies that this sub-bundle satis- 
fies the uniform flaring condition, and so is uniformly hyperbolic. Moreover, it is also 
shown to be uniformly quasiisometrically embedded in Y. A similar construction can 
be done for three or more points on Si, giving ideal-polygon-sub-bundles of Y (which 
are quasiisometric to tree bundles) with the same result. 

Hyperbolicity of Y, and hence Fq, is arrived at by finding a sufficiently rich fam- 
ily of quasigeodesics connecting every pair of points, as is done for example in l52l 
and iFJTI . Given a pair of points x,y 6 Y, to find the quasigeodesic in this family con- 
necting x to y, one picks the geodesic in an appropriate ideal-triangle-sub-bundle of Y 
containing x and y. That this family is sufficiently rich is proved by appealing to the 
quasiisometric embedding and hyperbolicity properties of the sub-bundles as described 
above. □ 

If F is a nonabelian Schottky group, then Farb and Mosher have proven [28 1 that 
the extension Fp is extremely quasiisometrically rigid — when F is cyclic, the extension 
is quasiisometric to H 3 and as there are incommensurable hyperbolic 3-manifolds that 
fiber over the circle with fiber S, we can hope for no such theorem in that case. They 
prove 
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Theorem 7.4 (Farb-Mosher l28l ). Let F be a nonabelian Schottky group and let H be 
a finitely generated group quasiisometric to Fp. Then there is a finite normal subgroup 
K ofH such that H /K is commensurable to Fp. □ 

And the strong 

Theorem 7.5 (Farb-Mosher l28l ). Let F be nonabelian and Schottky. The natural 
map from the abstract commensurator Comm(Fp) ofTf to the group QI(r>-) of quasi- 
isometries ofFp is an isomorphism, and Fp has finite index in Ql(Tp ). □ 

8 Gromov's "hyperbolization" question 

Thurston's Geometrization Conjecture predicts, in particular, that a closed aspherical 
3-manifold admits a hyperbolic structure if and only if its fundamental group does 
not contain a copy of Z © Z (G. Perelman has announced a proof of this conjecture 
I74ll73ll72l ). There is a coarse version of this conjecture for finitely generated groups, 
which we now describe. 

For natural numbers p and q, the Baumslag-Solitar group BS(p,q) is given by the 
presentation 

BS(p,q) = {a,b\ a~ x b p a = b q ). 

For geometric reasons, a hyperbolic group cannot contain any BS (p , q) . A question due 
to M. Gromov, arises, see IflOl : is a finitely presented group with no Baumslag-Solitar 
subgroups hyperbolic? N. Brady has answered this question in the negative ifTTl . The 
counterexamples are subgroups of hyperbolic groups (and hence contain no BS(p,q)) 
and possess no finite K(r, 1) (and hence fail to be hyperbolic as an appropriate Rips 
complex would serve as K(r, 1)). The refinement is 

Gromov's question. If there is a finite K(r, 1) and F contains no Baumslag-Solitar 
subgroups, is F hyperbolic? 

The K(r, 1 ) hypothesis is the natural analog of the aspherical hypothesis for 
3-manifolds. Both hypotheses are satisfied by a great number of surface group ex- 
tensions, as the following theorem illustrates. 

Theorem 8.1. Let G be a subgroup ofMod(S). If G is purely pseudo-Anosov, then Fq 
contains no Baumslag-Solitar subgroups. If there is a finite K(G, 1), then there is a 
finite K(Fg, 1). 

We begin with a lemma. 

Lemma 8.2. IfBS(p,q) embeds in Mod(5'), then p = q. 

Proof. Since b is an infinite order element of Mod(S), there is a pure power b k so that 
the Thurston decomposition of b k is a composition of Dehn twists and pseudo-Anosov 
homeomorphisms all supported on pairwise disjoint connected subsurfaces; see 071 . 
The powers of Dehn twists and the dilatations of pseudo-Anosovs are well defined and 
invariant under conjugacy, and since a~ l b pk a = b q , it follows that p = q. □ 
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We note that there are nonabelian examples of groups BS (p,p) in Mod(5'). For 
example, let j3 be an essential simple closed curve, let h be an element of order p 
supported on S — j3, and let / be a partial pseudo-Anosov supported on S — j3 such that 
the subgroup (h,f) is isomorphic to Z//?Z* Z, which we may do by Min's theorem 
(Theorem l5.5l here). Now, let a = f, b = hTp and notice that aT x b p a = b p . Considering 
normal forms, one can verify that the HNN-extension BS (p,p) embeds. 



Proof of Theorem \8.1\ Suppose that every non-identity element of G is pseudo-Anosov 
and that r G contains the Baumslag-Solitar group BS (p,q). The group r G is a subgroup 
of Mod(S), and so p = q by Lemma l8T2l The subgroup of BS(p,p) generated by a and 
b p is isomorphic to Z© Z and its image in G must be nontrivial, as a hyperbolic surface 
group contains no Z© Z subgroups. Furthermore, the image must be infinite cyclic as 
the centralizer of a pseudo-Anosov mapping class is virtually cyclic |59l and G is 
torsion free. We conclude that there is a pseudo-Anosov mapping class preserving the 
conjugacy class of a nontrivial element of n\ (S), which is impossible. 

Let M G be the cover of the moduli space M(5) corresponding to G. Supposing 
there exists a finite K(G, 1), the group G is torsion free. So, there is a canonical S- 
bundle 

S -» S G -» M G (3) 

over Mg corresponding to the extension 

l->Jii(S)->r G ->G->l. (4) 

More precisely, by a result of Bers J3, 7(S) fibers over 1(S) with fiber the universal 
cover H 2 of S: 

M 2 -> 7(S) -» T(S) (5) 

such that Mod(5') acts on T(5) by bundle maps. This Mod(5')-action descends to a 
Mod(5')-action on T(S), and the descent factors through the natural action of Mod(S) 
via the projection in ([TJ. Furthermore, K\(S) acts on the fibers as the group of deck 
transformations of the universal cover H 2 — > S. The universal curve (O is the quotient 
of (0 by (|TJ, and (O is the quotient of © by ©. 

Since G is torsion free and the action on T(S) is properly discontinuous it follows 
that G acts freely and so M G is a manifold. Teichmuller's Theorem asserts that 7(S) is 
homeomorphic to a cell, and hence M G is aspherical. 

We thus obtain a map K(G, 1) — > M G and a pullback bundle 

5^0C G ^K(G,1) 

with compact total space. The homotopy long exact sequence of the bundle reveals that 
%q is aspherical. 

We may choose a finite covering of 3C G by absolute retracts whose nerve is homo- 
topy equivalent to 3C G , by Weil's theorem (see pages 466^468 of lfT3"1P . and so obtain a 
finite K(r G ,l). □ 
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As mentioned above, the only known purely pseudo-Anosov subgroups of Mod(S) 
are free. Our final theorem shows that if there were purely pseudo-Anosov subgroups 
isomorphic to certain extensions, we would not have to check for convex cocompact- 
ness in order to answer Gromov's question in the negative. 

Theorem 8.3. Let \—*A^B—*C^\bea short exact sequence of infinite groups 
such that A and B possess finite Eilenberg-Mac Lane spaces. If B is isomorphic to a 
purely pseudo-Anosov subgroup o/Mod(5) (for S closed), then Ya and Yg contain no 
Baumslag-Solitar subgroups, possess finite Eilenberg-Mac Lane spaces, and one of 
Ya or Yb is not hyperbolic. 

Proof. The first two statements follow from Theorem l8.ll If B is not convex cocom- 
pact, then Yg is not hyperbolic by Theorem 17.31 If B is convex cocompact, then the 
weak hulls fj^ and fjg are equal, as A is normal in B. Since C is infinite, the index of A 
in B is infinite, and so A could not act cocompactly on S)b = $)a- By Theorem l4.21 A is 
not convex cocompact, and so Ya fails to be hyperbolic. □ 
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